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1 Introduction
In this paper we study a nonlinear, fourth order, partial differential equation
for a convex function u on an open set Ω in Rn. The equation can be written
as
S(u) = A
where A is some given function and S(u) denotes the expression
S(u) = −
∑
i,j
∂2uij
∂xi∂xj
. (1)
Here (uij) denotes the inverse of the Hessian matrix uij =
∂2u
∂xi∂xj . We call this
PDE Abreu’s equation since the expression S(u) appears in [1], in the study of
the differential geometry of toric varieties. In this paper we will be primarily
interested in the case when A is a constant. Solutions to Equation 1 then
correspond to certain Kahler metrics of constant scalar curvature, as we will
recall in more detail in Section 5 below. Our purpose is to derive a priori
estimates for solutions of Abreu’s equation, which can be applied to existence
questions for such constant scalar curvature metrics, on the lines of [6]. However
in the present paper we will keep the differential geometry in the background,
and concentrate on the PDE aspects of the equation.
Abreu’s equation can be fitted, as a limiting case, into a class of equations
considered by Trudinger and Wang [12],[13]. These authors study the Euler-
Lagrange equation of the functional
Jα(u) =
∫
Ω
(det(uij))
α,
(or this functional plus lower order terms). The Legendre transform interchanges
the equations with parameters α and 1 − α. There are two exceptional cases,
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when α = 0 or 1, when the Euler-Lagrange equations are trivial. Abreu’s
equation, which is the Euler-Lagrange equation associated to the functional∫
Ω
− log det(uij) +Au,
is the natural limit of the Trudinger-Wang family when α → 0. Indeed, the
Trudinger-Wang equations (in the absence of lower order terms) can be written
as ∑
ij
∂2
∂xi∂xj
(det(uij)
αuij) = 0.
We will study Abreu’s equation augmented by some specific boundary con-
ditions. These depend on a measure σ on the boundary of Ω. We will consider
two cases
Case 1 Ω is the interior of a bounded polytope, defined by a finite number of
linear inequalities with n codimension-1 faces of ∂Ω meeting at each vertex. The
measure σ is a constant muptiple of the Lebesgue measure on each codimension-1
face of ∂Ω.
Case 2 Ω is a bounded domain with strictly convex smooth boundary and σ is
a smooth positive measure on ∂Ω.
The first case is the one which is relevant to toric varieties and is our main
concern. We include the second case because it seems to lead to a natural PDE
problem. In either case we define a class of convex functions SΩ,σ satisfying
boundary conditions depending on σ. The detailed definitions are given in
Section 2.2 below, but roughly speaking we require that a function u in SΩ,σ
behaves like σ−1d log d where d is the distance to the boundary and σ is regarded
as a function, i.e. a multiple of the area measure on ∂Ω. (Note here that
the whole theory is affine-invariant, and does not depend on the choice of a
Euclidean metric on Rn, but for simplicity we will sometimes, as just above,
express things in terms of the metric structure, although this is not playing
any real role.) In this paper we study solutions u of Abreu’s equation which
lie in SΩ,σ. As explained in [6] and in Section 2.2 below, these arise when one
considers the problem of minimising the functional
F(u) = −
∫
Ω
log detuij +Au−
∫
∂Ω
udσ, (2)
over the set of smooth convex functions on Ω with L1 boundary values. It is
likely (although this requires proof) that any extrema of this functional lies in
our space SΩ,σ.
As explained in [6], simple examples show that for some data Ω, A, dσ there
are no solutions of Abreu’s equation with the given boundary behaviour. By
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the same token, one needs further assumptions before a priori estimates of a
solution can be obtained. The condition which we expect to be appropriate
involves the linear part of the functional F ;
L(f) =
∫
∂Ω
fdσ −
∫
Ω
fAdµ. (3)
Fix a base point in the interior of Ω and call a function normalised if it vanishes,
along with its first partial derivatives, at this base point. We consider the
following condition on the data (Ω, A, dσ):
Condition 1 The functional L vanishes on affine-linear functions and there is
some λ > 0 such that
L(f) ≥ λ−1
∫
∂Ω
fdσ,
for all convex normalised functions f on Ω.
Of course when this condition holds we can fix λ = λ(Ω, σ, A) by taking
the best possible constant. It is shown in [6], at least in the case when the
dimension n is 2 and Ω is a polygon, that this is a necessary condition for the
existence of a solution. Our goal in this paper is to derive a priori interior
estimates for solutions assuming this condition. To streamline the statement we
introduce the following terminology. We say a function C(Ω, σ, A, λ, d) where λ
and d are positive real variables is tame if it is continuous with respect to the
natural topology on the space of variables (Ω, σ, A, λ, d) (We use the C∞loc ∩L∞
topology on A; in Case 1 the space is divided into components labelled by the
combinatorics of the faces and in Case 2 we use the C∞ topology on Ω, σ).
We use the same terminology for functions that depend on some subset of the
variables. Our main result is
Theorem 1 Suppose the dimension n is 2. There are tame functions K,Cp
for p = 0, 1, . . . such that if A is a smooth bounded function in Ω, and (Ω, σ, A)
satisfies Condition 1, then any normalised solution u in SΩ,σ of Abreu’s equation
satisfies
K−1 ≤ (uij) ≤ K
and
|∇pu| ≤ Cp
where the argument d is the distance to the boundary of Ω and the argument λ
is λ(Ω, σ, A)
Of course we need not take the definition of “tame”functions C(Ω, σ, A, λ, d)
too seriously. With a little labour we could make all of our estimates com-
pletely explicit. The definition is tailored to the continuity method: if we have
a continuous 1-parameter family of such problems defined by data (Ωt, σt, At)
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with solutions for t < t0 then provided λ(Ωt, σt, At) stays bounded the solutions
cannot blow up in the interior as t→ t0.
We present a variety of different arguments to establish these interior esti-
mates. We hope this variety is justified by the desire to extend the results, in the
future, in various directions: to the behaviour near the boundary and to higher
dimensions. In Section 2 we bring together some more elementary preliminaries
and in particular show that Condition 1 gives C1 bounds on the solution. After
this, the crucial intermediate goal is to obtain upper and lower bounds on the
determinant of the Hessian (uij). In Section 3 we consider the case when the
dimension n is 2 and A is a constant. We find a special argument in this case
using a property of solutions of general elliptic equations in 2 dimensions. In
Section 4 we find other arguments, using the maximum principle, which apply
in any dimension. We get a lower bound on the determinant in all cases and,
using the technique of Trudinger and Wang, an upper bound involving also a
“modulus of convexity”. As we explain in (5.1), in dimension 2, this modulus
of convexity is controlled by the lower bound on the determinant, using an old
result of Heinz. Once we have established upper and lower bounds on the de-
terminant we can appeal to sophisticated analysis of Caffarelli and Gutie´rrez to
complete the proof of Theorem 1. This is explained in (5.1). In the case when
A is a constant and Ω is a polygon in R2, which is our main interest, we give an
alternative proof in the remainder of Section 5. This avoids the deep analysis
of Caffarelli and Gutie´rrez (and perhaps gives more explicit estimates) but uses
their geometric results about the “sections” of a convex function in an essential
way. The other ingredients are L2 arguments, which make contact with Kahler
geometry, a variant of Pogorelov’s Lemma and standard linear theory (Moser
iteration). We also explain that, in this case, one can avoid using Heinz’s re-
sult, by combing results from Sections 3 and 4. In sum, in the case when A is
constant and Ω ⊂ R2 is a polygon we get a self-contained proof of Theorem 1,
assuming only Chapter 3 of [9], and material from the textbook [7].
2 Preliminaries
2.1 Miscellaneous formulae
This subsection consists of entirely elementary material. We will give a number
of useful equivalent forms of Abreu’s equation, which are obtained by straight-
foward manipulation. Throughout we use traditional tensor calculus notation,
with summation convention.
Begin by considering any convex function u defined on an open set inRn. We
write uij for the Hessian, u
ij for its inverse and U ij for the matrix of cofactors
i.e. U ij = det(uij)u
ij . We can associate to u two second order, elliptic, linear
differential operators
P (f) =
(
uijfi
)
j
, (4)
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Q(f) =
(
U ijfi
)
j
. (5)
Let L = log det(uij). Then we have identities
Li = u
abuabi, (6)
ujki = −ujauabiubk. (7)
Thus
uijLj = −uijj . (8)
This means, first, that
U ijj =
(
e−Luij
)
j
= e−L
(
uijj − uijLj
)
= 0.
Hence the operator Q can be written as
Q(f) = U ijfij . (9)
Now the first form of Abreu’s equation, as in the Introduction is
uijij = −A.
We define a vector field v = (vj) by
vj = −uiji (10)
So our second form of Abreu’s equation is
vjj = A. (11)
(Of course, the left hand side of this expression is the ordinary divergence of
the vector field v.) On the other hand, by Equation 8, the vector field can also
be expressed as
vj = uijLj ,
so we have our third form of Abreu’s equation(
uijLi
)
j
= A, (12)
that is
P (L) = A.
Expanding out the derivative we have(
uijLi
)
j
= uijL,ij + u
ij
j Li = u
ij (Lij − LiLj) ,
so we get our fourth form of the equation
uij(Lij − LiLj) = A. (13)
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Finally, if we write
F = det(uij)
−1 = e−L,
then
uijFij = u
ij(Lij − LiLj)e−L = −Ae−L,
so we get our fifth form of the equation
Q(F ) = −A. (14)
2.2 The boundary conditions.
We begin by giving a precise definition of the set SΩ,σ of convex functions on
Ω. The definitions are different in the two cases. We start with Case 1, when
Ω is a polytope. For any point P of ∂Ω we can choose affine co-ordinates xi on
Rn such that P has co-ordinates xi = 0, i = 1, . . . n and a neighbourhood of p
in Ω is defined by p inequalities
x1, x2, . . . , xp > 0.
We can also choose the co-ordinates so that the normal derivative of xi on the
face xi = 0 of the boundary is σ
−1. We call such co-ordinates adapted to Ω at
P .
Definition 1 In Case 1 the set SΩ,σ consists of continuous convex functions u
on Ω such that
• u is smooth and strictly convex in Ω,
• The restriction of u to each face of ∂Ω is smooth and strictly convex;
• In a neighbourhood of any point P of ∂Ω the function u has the form
u =
∑
xi log xi + f
where xi are adapted co-ordinates, as above, and f is smooth up to the
boundary.
(We say a smooth function is strictly convex if its Hessian is strictly positive.)
Now turn to Case 2, when Ω has smooth boundary. If P is a point of ∂Ω we
can choose local co-ordinates ξ, η1, . . . ηn−1 near P so that ∂Ω is given by the
equation ξ = 0 and the normal derivative of ξ on the boundary is σ−1. Again,
we call such co-ordinates adapted. Define functions αp of a positive real variable
by
α1(t) = − log t , α2(t) = t−1 , α3(t) = t−2.
Definition 2 In Case 2 the set SΩ,σ consists of continous convex functions u
on Ω such that
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• u is smooth and strictly convex on Ω;
• In a neighbourhood of any point P of ∂Ω there are adapted co-ordinates
(ξ, ηi) in which
u = ξ log ξ + f
where for p ≥ 1, p+ q ≤ 3
|∇pξ∇qηf | = o(αp(ξ)).
as ξ → 0.
Here the notation ∇pxi∇qη means any partial derivative of order p in the
variable ξ and total order q in the ηi.
Now, for small positive δ, let Ωδ ⊂ Ω be the set of points distance at least δ
from ∂Ω, i.e. a “parallel” copy of ∂Ω. If u ∈ SΩ,σ and χ is a smooth function
on Ω, integration-by-parts over Ωδ gives the fundamental identity:∫
Ωδ
uijχij =
∫
Ωδ
uijijχ+
∫
∂Ωδ
−uijj χ+ uijχj . (15)
We can write the boundary terms as∫
∂Ωδ
χ vnorm +∇Xχ,
where v is the vector field introduced in (10) above, vnorm is its normal compo-
nent and X is the vector field, defined on a neighborhood of ∂Ω by
Xj = uijνj ,
νj being the unit normal to ∂Ω at the closest boundary point. (In Case 1, the
vector field X will be discontinuous near the “corners” of ∂Ω but this will not
matter.)
The main result we need is
Proposition 1 In either case, if u ∈ SΩ,σ then as δ → 0; |X | = O(δ) and
vnorm converges uniformly to σ.
Here |X | refers to the Euclidean length and we interpret vnorm as a function
on ∂Ω in the obvious way, by taking the closest point of ∂Ωδ. We assume
Proposition 1 for the moment. Taking the limit as δ tends to 0 in Equation 15,
we obtain
Corollary 1 Let u be in SΩ,σ with S(u) = −uijij ∈ L∞(Ω) and let χ be a
continuous, convex function on Ω smooth in the interior and with ∇χ = o(d−1),
where d is the distance to ∂Ω. Then uijχij is integrable in Ω and∫
Ω
uijχij =
∫
Ω
uijijχ+
∫
∂Ω
χdσ.
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The main application we make of Corollary 1 is the case when χ = u.
It is clear from the definitions that ∇u is O(− log d), hence o(d−1), near the
boundary, and uiju
ij = n. So we have the identity
Lu = n
where A = −uijij and L is the linear functional defined in (3). Thus we obtain
Corollary 2 Suppose A ∈ L∞(Ω) and that L satisfies Condition 1. Then if u
is a normalised function in SΩ,σ which satisfies Abreu’s equation S(u) = A we
have ∫
∂Ω
u dσ ≤ nλ.
A simple argument ([6], Lemma 5.2.3) shows that the integral over the boundary,
for a normalised convex function, controls the derivative in the interior and we
have
Corollary 3 Under the same hypotheses as Corollary 2,
|∇u| ≤ Cd−n,
where C depends tamely on (Ω, σ, λ).
This first derivative bound is the seed which we wish to develop in this paper
to obtain bounds on higher derivatives.
We mention some other applications of Corollary 1. Here we will restrict for
simplicity to the case when Ω is a polytope.
Corollary 4 In the case when Ω ⊂ Rn is a polytope, for any u ∈ SΩ,σ,
| log detuij | is integrable over Ω so for any A ∈ L∞(Ω) the functional FA is de-
fined on SΩ,σ. The functional FA is convex on SΩ,σ and the equation S(u) = A
has at most one normalised solution u in SΩ,σ. For such u,∫
Ω
| log det(uij)| ≤ C,
where C is a tame function of Ω, σ, ‖A‖L∞ , λ.
The proof of this Corollary follows easily from the results in ([6], subsections
(3.3) and (5.1)). The restriction to Case 1 arises because in this case, as is will
be clear from Proposition 5 below, S(u) is bounded for any u ∈ SΩ,σ. In Case
2 we have not analysed the behaviour of S(u) near the boundary, for general
elements of SΩ,σ, and we leave this issue to be discussed elsewhere.
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2.3 Proof of Proposition 1.
In the course of the proof we will also establish some other properties of functions
in SΩ,σ. Before beginning it is worth pointing that, in a sense the proofs of
these boundary properties need not be taken too seriously at this stage of the
development of the theory. At this stage we are in essence free to choose the
definition of SΩ,σ and we could impose any reasonable conditions we choose.
For example we we could take the conclusions of Proposition 1 as part of the
definition of SΩ,σ. The discussion will only acquire an edge when one goes on
to the existence theory. It is possible that the detailed definitions may need to
be modified then. At the present stage, the definitions we have concocted serve
to indicate at least the nature of the solutions we want to consider while being,
we hope, sufficiently general to permit a sensible existence theory.
We begin with Case 1. This is not very different from the analysis of metrics
on toric varities in [1], [8], but we include a discussion for completeness. We
work in adapted co-ordinates around a boundary point, so
u =
p∑
i=1
xi log xi + f
where f is smooth up to the boundary. By the second condition of Definition 1
we may choose the co-ordinates so that at x = 0
∂2f
∂xi∂xj
= δij ,
for p+ 1 ≤ i, j ≤ n. Thus
(uij) = diag(x
−1
1 , . . . , x
−1
p , 1 . . . , 1) + (ψij) , (16)
where ψij are smooth up to the boundary and ψ vanishes at x = 0 for i, j ≥ p+1.
Proposition 2 • det(uij) = x1 . . . xp∆ where ∆ is smooth up to the bound-
ary and ∆(0) = 1.
• There are functions fi, gij, hij, all smooth up to the boundary and with
fi(0) = 1, hij(0) = 0, such that
(uij) = diag(f1x1, . . . , fpxp, fp+1, . . . fn) +
(
σij
)
,
where
σij = xixjgij
for 1 ≤ i, j ≤ p;
σij = xigij
for 1 ≤ i ≤ p, j > p;
σij = hij
for i, j > p.
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It is completely straightforward to verify Proposition 1, in Case 1, given this
Proposition 2. Notice that, according to Proposition 2, the matrix uij is smooth
up to the boundary.
Let Λ be the diagonal matrix
Λ = diag(x
1/2
1 , . . . x
1/2
p , 1 . . . , 1).
To prove the first item of Proposition 2 we write H for the Hessian matrix (uij)
and consider the matrix Λ2H . This has the form 1+E where the entries Eij of
the matrix E are smooth up to the boundary and Eij vanishes at 0 except for
the range 1 ≤ j ≤ p, i > p. Thus, at 0, the matrix E is strictly lower-triangular
and so ∆ = det(1 + E) is a smooth function taking the value 1 at x = 0, and
det(uij) = detΛ
−2 ∆ = x−11 . . . x
−1
p ∆.
To prove the second item we consider the symmetric matrix ΛHΛ. We write
ΛHΛ = 1 + (Fij) and Equation 16 yields
Fij = Aijx
1/2
i x
1/2
j
for 1 ≤ i, j ≤ p;
Fij = Fji = Bijx
1/2
i ,
for 1 ≤ i ≤ p and j > p where Aij , Bij are smooth up to the boundary. In
the remaining block, p + 1 ≤ i, j ≤ n, the Fij are smooth up to the boundary,
vanishing at 0. Let ad(ΛHΛ) be the matrix of co-factors, or “adjugate matrix”,
so that
(ΛHΛ)−1 = det(ΛHΛ)−1ad(ΛHΛ).
We claim that ad(ΛHΛ) has the form 1 + F ′ij where F
′ satisfies the same con-
ditions as F above; that is,
F ′ij = A
′
ijx
1/2
i x
1/2
j
for 1 ≤ i, j ≤ p;
F ′ij = B
′
ijx
1/2
i
for 1 ≤ i ≤ p and j > p etc. The proof of this is a straightforward matter of
considering the various terms in the cofactor determinants which we leave to
the reader. Given this, the second item of the Proposition follows by writing(
uij
)
= H−1 = ∆−1 Λ ad(ΛHΛ) Λ.
We now turn to Case 2. For simplicity we will consider the case when
n = 2 (see the remarks at the beginning of this subsection). Moreover, to make
the calculations easier, we will consider a special kind of adapted co-ordinate.
Suppose the point P is the origin and let the boundary of Ω be represented by
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a graph x1 = Q(x2) where Q(0) = Q
′(0) = 0, Q′′(0) < 0. Then we take the
adapted co-ordinates
η = x2 , ξ = ρ(η)(Q(x2)− x1),
for a positive function ρ equal to σ−1, where σ is regarded as a function of x2
using the obvious parametrisation of the boundary. Without loss of generality
we can compute at points on the x2 axis, where η = 0. We write ∂x1 , ∂x2
for ∂∂x1 ,
∂
∂x2
and ∂ξ, ∂η for
∂
∂ξ ,
∂
∂η . Then, transforming between the co-ordinate
systems (x1, x2) and (ξ, η), we have
∂x1 = ρ∂ξ , ∂x2 = ∂η + F∂ξ,
where F (ξ, η) has the form F = ξA(η) +B(η) and B(0) = 0, B′(0) < 0. Thus
∂2x1 = ρ
2∂2ξ , (17)
∂x1∂x2 = ρ
2∂ξ∂η + ρF∂
2
ξ + ρA∂ξ, (18)
∂2x2 = (∂
2
η + 2F∂ξ∂η + F
2∂2ξ ) + (ξA
′ +B′ +A(ξA+B))∂ξ. (19)
Applying this to a function u = (ξ log ξ−ξ)+f in SΩ,σ (where we have replaced
f by f − ξ in Definition 2, which obviously makes no difference) we get
(uij) =
(
ρ2ξ−1 0
0 B′ log ξ
)
+
(
α β
β γ
)
,
where
α = ∂2x1f , β = ρA log ξ + ∂x1∂x2f , γ = (ξA
′ +B′ +A(ξA+B)) log ξ + ∂2x2f.
Then
det(uij) = (ρ
2B′)ξ−1 log ξ ∆,
where
∆ =
(
1 +
αξ
ρ2
)(
1 +
γ
B′ log ξ
)
− β
2ξ
ρ2B′ log ξ
.
Write
λ =
αξ
ρ2
, µ =
γ
B′ log ξ
, ν =
βξ
B′ρ2 log ξ
.
Then
∆ = (1 + λ)(1 + µ)− βν,
and the inverse matrix is
(
uij
)
= ∆−1
(
ξ
ρ2 (1 + µ) −ν
−ν 1B′ log ξ (1 + λ)
)
.
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Now first we evaluate at a point where η = 0, so B = 0. Then we have
α = ρ2∂ξ∂ξf,
and by the definition of SΩ,σ this is o(ξ−1). So λ is o(1). We have
β = ρ2∂ξ∂ηf + ρξA∂ξ∂ξf + ρA(∂ξf + log ξ),
and applying the definition of SΩ,σ to the various terms we see that β =
O(| log ξ|). This means that ν is O(ξ) and βν is O(ξ| log ξ|), which are both
o(1). Similarly, applying the definitions, we find that µ is o(1). We see from
this first that the vector field Z, which has components u11, u12 is O(ξ), so
verifying the first item of Proposition 1. We also see that
det(uij) ∼ ρ
2
B′
ξ−1| log ξ|, (20)
since ∆ ∼ 1. To complete the proof we need to differentiate again. We have
L = log det(uij) = − log ξ + log(− log ξ) + log(−B′) + log ρ2 + log∆,
Thus, when η = 0,
∂x1L = ρ(ξ
−1 + (ξ log ξ)−1) + ρ(
∂ξ∆
∆
), (21)
∂x2L = ξA∂ξL+
∂η∆
∆
. (22)
We claim that ∂η∆ is O(1) and ∂ξ∆ is o(ξ
−1). Given this, we have
v1 = ∆−1(ρ−1(1 + µ) + o(ξ)), v2 = ∆−1(−νρξ−1 +O(| log ξ|−1),
and we see that the normal component v1 converges to σ = ρ−1 as desired.
To verify the claim we have to show that ∂ηλ, ∂ηµ, ∂η(βν) are all O(1) and
∂ξλ, ∂ξµ, ∂ξ(βν) are all o(ξ
−1). This is just a matter of differentiating the for-
mulae defining λ, µ, ν and applying the definition of SΩ,σ to each term: we omit
the details.
3 The two dimensional case.
3.1 The conjugate function
Throughout this Section 3 we suppose that A is a constant and u is a solution
of Abreu’s equation in Ω. We begin with second form of the equation
div(v) = vii = A.
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The “radial” vector field xi on Rn has divergence n, so if we define a vector
field w by
wi = vi − A
n
xi, (23)
then wii = 0: the vector field w has divergence zero. Now define a function h by
h = u− ukxk. (24)
Then
hi = ui − ukixk − ukδki = −ukixk, (25)
so
uijhi = −xj . (26)
Thus, using Equation 8, we have
wi = uijL˜j, (27)
where L˜ = L+ An h.
We now specialise (for the rest of this subsection) to the case when n = 2.
The special feature here is that divergence-free vector fields can be represented
by Hamiltonians, so there is a function H (unique up to a constant) with
wi = ǫijHj ,
where ǫij is the skew-symmetric tensor with ǫ12 = 1.
Lemma 1 The function H satisfies the equation Q(H) = 0.
To see this we write
L˜b = −ubkǫkjHj .
Then we have
L˜abǫ
ab = 0
by the symmetry of second derivatives, whereas, differentiating Equation 27,
L˜abǫ
ab = − (ǫabubkǫkjHj)a = Q(H),
since Uaj = ǫabubkǫ
kj .
We callH the conjugate function since the relationship between the functions
H and L˜, is analogous to that between conjugate harmonic functions in two
dimensions, except that they satisfy different linear elliptic equations: P (L˜) =
0, Q(H) = 0.
Next we use the boundary conditions, so we suppose that u is in SΩ,σ. We
have shown in Proposition 1 that the normal component of the vector field v
on the boundary can be identified with given measure σ. Likewise, the vector
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field A2 x
i defines a (signed) measure dτ on the boundary. The condition that L
vanishes on the constants implies that
Vol(∂Ω, σ) = AVol(Ω), (28)
which in turn implies ∫
∂Ω
dσ − dτ = 0.
Thus there is a function b on ∂Ω, unique up to a constant, with db = σ − τ .
Observe that, in the case when Ω is a polygon, the function b is linear on each
face of ∂Ω. For in this case dσ is constant multiple of the Lebesgue measure on
each face and the normal component of the radial field is also constant on each
face.
Lemma 2 The function H extends continously to Ω with boundary value b (up
to the addition of a constant).
First suppose that H extends smoothly up to the boundary. The relation
wj = ǫijHi asserts that the normal component of w is equal to the tangential
derivative of H . But the normal component of w is the derivative of b, so the
derivative of H − b vanishes. For the general case we apply the same argument
to a slightly smaller domain and take a limit, the details are straightforward.
We can now apply a special result ([7], Lemma 12.6) for solutions of elliptic
equations
2∑
i,j=1
aij
∂2f
∂xi∂xj
= 0
in two dimensions whose boundary values satisfy a “three point” condition.
Here we use Equation 9 to see that the equation Q(H) = 0 has this form,
with aij = U ij . The three point condition requires that for any three points
X1, X2, X3 on ∂Ω the slope of the plane inR
3 containing (Xi, H(Xi)) is bounded
by some fixed K. This holds in our situation because the restriction of H is b,
which is smooth in the strictly convex case and linear-on-faces in the polygonal
case. In fact, a little reflection shows that in Case 1 we can take K to be
the maximum of the slopes attained by taking X1, X2, X3 to be vertices of the
polygon. So we can apply the result of [7] quoted above, and deduce that the
derivative of H is bounded by the constant throughout Ω. Thus the vector field
w satisfies an L∞ bound over Ω and hence the same is true of v. To sum up we
have
Theorem 2 Suppose u ∈ SΩ,σ is a solution of Abreu’s equation where A is
a constant and the dimension n is 2. Then there is a constant K, depending
tamely on Ω, σ, such that |v| ≤ K throughout Ω.
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3.2 Integrating bounds on v
In this subsection we study the implications for L = log det uij of an L
∞ bound
on the vector field vi = −uijj associated to a convex function u on a convex
domain D ⊂ Rn. We prove two results, under different hypotheses. For the
first, recall that the derivative ∇u is a diffeomorphism from D to its image
(∇u)(D) ⊂ Rn.
Lemma 3 Suppose that the image (∇u)(D) is convex and |v| ≤ K on D. Then
for any x, y ∈ D
|L(x)− L(y)| ≤ K|(∇u)(x)− (∇u)(y)|.
To see this, let ξi be the standard Euclidean co-ordinates on the image (∇u)(D).
(More invariantly, ∇u should be thought of as mapping D to the dual space
(Rn)
∗
and ξi are just the dual co-ordinates of x
i.) In traditional notation,
ξi = ui so
∂ξi
∂xj
= uij ,
∂xj
∂ξi
= uij .
Now vi = uijLj (see (8)) but by the chain rule
uijLj =
∂L
∂ξi
.
In other words, if we define a function L∗ on (∇u)(D) to be the composite
L ◦ (∇u)−1 then v is the derivative of L∗ and hence |∇L∗| ≤ K. If (∇u)(D)
is convex then ∇u(x),∇u(y) can be joined by a line segment in ∇u(D) and
the result follows immediately by integrating the derivative bound along the
segment.
The next results applies to solutions of Abreu’s equation, but avoids the
convexity hypothesis on the image under ∇u. We write AvD(L) for the mean
value
AvD(L) = (Vol(D))
−1
∫
D
L.
Theorem 3 Suppose that D ⊂ Rn is a bounded convex domain with smooth
boundary and x0 ∈ D is a base point. Let R be the maximal distance from x0 to
a point of ∂D. Let u be a solution of Abreu’s equation S(u) = A in D, smooth
up to the boundary and normalised at x0. Then
|L(x0)−AvD(L)| ≤ C
∫
∂D
udν,
where dν is the standard Riemannian volume form on ∂D and
C = (nVol(D))−1
(
n sup
D
|v|+R sup
D
|A|
)
.
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To prove this, we can suppose that x0 is the origin and let (r, θ) denote standard
“polar-coordinates” on Rn \ {0} (so θ ∈ Sn−1). Suppose that ∂D is given in
these co-ordinates by an equation r = ρ(θ). Let f be the function
f =
(
1− ρ(θ)
n
rn
)
on Rn \ {0} and define a vector field ζ on Rn \ {0} by
ζi = fxi.
Then, away from the origin,
ζii = x
i
i(1 −
ρn
rn
)− xi ∂
∂xi
ρn
rn
= n(1− ρ
n
rn
)− r ∂
∂r
ρn
rn
= n,
and ζ vanishes on the boundary ofD. It is clear that ζ satisfies the distributional
equation
ζii = n− nVol(D) δ0,
where δ0 is the delta-function at the origin. Applying this distribution to the
function L we get
n(Vol(D)L(0)−
∫
D
L) =
∫
D
ζiLi.
Now recall that h = u− uixi satisfies hi = −uijxj . Then Li = uijvj , and
xiLi = uijx
ivj = −hjvj = −
(
hvj
)
j
+ hvjj .
Using Abreu’s equation in the form vjj = A we have
xiLi = −
(
hvj
)
j
+Ah.
Now ∫
D
ζiLi =
∫
D
fxiLi = −
∫
D
f(hvj)j +
∫
D
Afh.
We can integrate by parts on the first term to get∫
D
ζiLi =
∫
D
(hfjv
j +Afh).
There is no boundary term from ∂Ω since f vanishes on the boundary. There is
also no extra term caused by the singularity of f at the origin since h vanishes
to second order there. To sum up, we have the identity,
nVol(D) (L(0)−AvD(L)) = (I) + (II), (29)
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where
(I) =
∫
D
hfjv
j (II) =
∫
D
Afh.
We next estimate the size of the integrals (I) and (II). We have
∂f
∂r
= −n ρ
n
rn+1
,
1
r
∂f
∂θ
= n
ρn−1
rn+1
∂ρ
∂θ
,
so
|∇f | = nρ
n−1
rn+1
W (θ)
where
W (θ) =
√
ρ2 + |ρ2θ.
Now let K = supD |v| so we have
|fjvj | ≤ nKρ
n−1
rn+1
W (θ).
Thus
|(I)| ≤ nK
∫
D
W (θ)ρ(θ)n−1
h
rn+1
= 2K
∫
D
ρn−1W (θ)
h
r2
drdθ,
in an obvious notation. Now consider this integral along a fixed ray θ =
constant. In polar co-ordinates we can write
h = u− r∂u
∂r
,
so
∂
∂r
(r−1u) = −r−2u+ r−1 ∂u
∂r
= −r−2h.
So ∫ ρ(θ)
ǫ
h(r)
r2
dr = ρ−1u(ρ(θ), θ)− ǫ−1u(ǫ, θ),
and the term from the lower limit tends to zero with ǫ since the derivative of u
vanishes at the origin. So we have
|(I)| ≤ nK
∫
∂D
ρ(θ)n−2W (θ)udθ. (30)
For the other integral we have −rur ≤ h ≤ 0, and f ≤ 0 so
0 ≤ (II) ≤ sup |A|
∫
D
ρn
rn
rurr
n−1drdθ = sup |A|
∫
∂D
ρ(θ)nudθ. (31)
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We now transform the integrals over ∂D to the Riemannian area form dν.
By straightforward calculus
dν = ρn−1
√
1 +
(
ρθ
ρ
)2
dθ = ρn−2W (θ)dθ.
So inequality 30 is just
|(I)| ≤ nK
∫
∂D
udν.
Also, dν ≥ ρn−1dθ so inequality 31 gives
|(II)| ≤ sup |A|
∫
∂D
uρdν ≤ R sup |A|
∫
∂D
udν,
and putting these together gives the result stated.
We now apply these results in the case when n = 2 and A is a constant,
using Theorem 2. We obtain
Theorem 4 Let Ω ⊂ R2 and u ∈ SΩ,σ be a normalised solution of Abreu’s
equation with A constant. Suppose Condition 1 holds. Then
L ≤ C0 + C1|∇u| ≤ C2d−2,
where d is the distance to the boundary of Ω and C0, C1, C2 depends tamely on
Ω, σ, λ.
We can prove this using the simpler result Lemma 3. Any function u in SΩ,σ
is continuous on Ω and so attains a minimum value on Ω, but it is clear from
the definition of SΩ,σ that this cannot be attained on the boundary. Changing
u by the addition of any linear function we see that for u ∈ SΩ,σ the image
(∇u)(Ω) is the whole of Rn. Let B be a small disc about the base point. We
know that ∇u is bounded on B by Corollary 3, and this gives a bound on the
area of ∇u(B) , which is ∫
B
detuij .
So there is a c, depending tamely on the data, such that we can find some point
in B where L ≤ c. Now the result follows by combining Corollary 3, Theorem
2 and Lemma 3.
We can give a slightly different proof of the above result using Theorem 3 in
place of Lemma 3. In the case when Ω ⊂ R2 is a polygon and A is a constant
we can also obtain an interior lower bound on L by applying Corollary 4, which
gives a bound on ∫
Ω
|L|.
However we will not discuss this in detail, since we will get a better lower bound
in the next section.
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4 Applications of the maximum principle
4.1 Lower bound for the determinant
In this Section we will derive a lower bound for L = log det(uij), valid in any
dimension and for any bounded function A.
Theorem 5 Suppose that u ∈ SΩ,σ is a solution of Abreu’s equation for some
bounded function A. For any α ∈ (0, 1) there is a constant Cα (depending only
on n and α) such that
det uij ≥ Cαd−α(supA)n Diam(Ω)2n+α
throughout Ω.
Here we recall that d is the distance to the boundary of Ω. Diam (Ω) is the
diameter of Ω.
We can compare this result with the asymptotic behaviour established in
Section 2 (Proposition 2 and (20)). In Case 1
detuij ∼ C1d−1, (32)
as x tends to a generic boundary point (i.e on an (n − 1)-dimensional face of
the boundary) and in Case 2,
detuij ∼ C2d−1| log d|. (33)
To prove the theorem we suppose that we have a function ψ on Ω which
satisfies the following conditions.
1. For each point of Ω the matrix
Mij = ψij − ψiψj
is positive definite.
2. L− ψ tends to +∞ on ∂Ω.
Certainly such functions exist. For example, we can take ψǫ(x) = ǫ|x|2 for small
ǫ: the second condition holds since L→∞ on ∂Ω. Given such a function ψ, we
write D = det(Mij).
By the second condition there is a point p in Ω where L − ψ attains its
minimum value. At this point we have
Li = ψi (Lij − ψij) ≥ 0.
We take Abreu’s equation in the form (Equation 13)
uij(Lij − LiLj) = A.
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At the point p we have
uijLij = A+ u
ijLiLj = A+ u
ijψiψj ,
and
uijLij ≥ uijψij .
Thus, at the point p,
uij(ψij − ψiψj) = uijMij ≤ A.
So uijMij ≤ A, where A = supΩA. We now use the standard inequality for
positive definite matrices,(
det(uij) det(Mij)
)1/n ≤ n−1uijMij . (34)
(This is just the arithmetic-geometric mean inequality for the relative eigenval-
ues of (uij), (Mij).) Now use the fact that det(u
ij) = e−L to get, at the point
p,
e−LD ≤ (A/n)n ,
or
L(p) ≥ logD(p)− c,
where c = n log(A/n). Then for any other point, q, in Ω we have (L − ψ)(q) ≥
(L− ψ)(p) so
L(q) ≥ L(p) + ψ(q)− ψ(p) ≥ logD(p) + ψ(q)− ψ(p)− c,
or in other words
L(q) ≥ ψ(q) + Cψ , (35)
where
Cψ = inf
Ω
(logD − ψ)− c.
(Of course, at this stage, Cψ could be −∞, in which case Equation 35 is vacu-
ous.)
By taking the function ψǫ, say, we immediately get a lower bound L ≥ const.
over Ω. (This is all we need for our main application below.) To prove Theorem
5 we need to make a more careful choice of the comparison function ψ. In fact
the optimal choice of this comparison function leads to an interesting Monge-
Ampe`re differential inequality which we will digress to explain. We consider,
for a fixed point q the set of functions ψ satisfying conditions (1) and (2) and
with Cψ > −∞. The optimal bound we can get from the argument above is
given by the supremum over this set of functions ψ of ψ(q) + Cψ . Changing ψ
by the addition of a constant, we may suppose that Cψ = 0. In other words we
have L(q) ≥ λ(q) − c, where
λ(q) = sup
ψ∈X
ψ(q)
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and X is the set of functions which satisfy (1),(2) and in addition
logD ≤ ψ. (36)
This becomes more familiar if we write R = − exp(−ψ). Then
Rij = e
−ψ(ψij − ψiψj) = e−ψMij .
So condition (1) is simply requiring that R be a convex function. We have
D = enψ det(Rij) so Equation 36 becomes
det(Rij) ≥ (−R)n−1.
We can sum up the discussion in the following way. Given a domain Ω, let
RΩ denote the set of negative convex functions R on Ω with
lim
x→∂Ω
R(x)
d(x)
= −∞
and with
det(Rij) ≥ (−R)n−1.
Define a function ρΩ by
ρΩ(x) = − sup
R∈RΩ
R(x).
Then we have
Proposition 3 In either Case 1 or Case 2, a solution u ∈ SΩ,σ of Abreu’s
equation with boundary data satisfies
detuij ≥ ρ−1Ω
(
supΩA
n
)n
.
in Ω.
This follows from the argument above and the asymptotic behaviour 32,
33 (In Case 2 we could strengthen the statement a little, taking account of the
log d term in 33.)
We return from this digression to complete the proof of Theorem 5. For this
we take co-ordinates (x1, . . . , xn−1, y) on R
n and consider the function
r(x, y) = yα(
b
2
x2 − 1),
on a cylinder Z = {(x, y) : |x| ≤ 1, 0 < y < 1}. Here α ∈ (0, 1) is given, as in
the statement of the Theorem, and b > 0 will be specified later. We will choose
21
b with b < 2 so that r is negative on Z. Straightforward calculation shows that
r is convex on Z provided (1− α)(1 − b2 ) ≥ αb. This is equivalent to
2− b
2 + b
> α,
so, whatever α is given, we can choose b so small that the condition holds. Then
det(rij)
(−r)n−1 = αy
α−2
(
(1 − α)− α x
2
1− b2x2
)
(
b
1 − b2x2
)n−1,
which is bounded below on Z so det(rij) ≥ C(−r)n−1 throughout Z for some
fixed positive C. Writing R = C−1r we get a function with detRij ≥ (−R)n−1
on Z and with −R = O(yα) as y → 0.
Now one checks first that the inequality to be proved is stable under rescaling
of the domain Ω. Then given a point p in our domain Ω we can obviously suppose
without loss of generality that Ω lies in the set Z (for some suitableK depending
on Ω), that the origin lies in ∂Ω and that the minimum distance to the boundary
of Ω from p is achieved at the origin. Then the function R constructed above
(or, more precisely, its restriction to Ω) lies in the set RΩ, since R/d tends to
−∞ on ∂Ω, and the result follows from Proposition 5.
It should be possible to sharpen this bound in various ways, and this is
related to the Monge-Ampe`re Dirichlet problem for convex, negative, functions
R on Ω:
detRij = (−R)n−1 R|∂Ω = 0.
4.2 An upper bound on the determinant
In this subsection we will modify the method of Trudinger and Wang in [12], [13]
to obtain an upper bound on the determinant of (uij). The argument applies
in any dimension but the result we obtain requires additional information on
“modulus of convexity” of u for its application, see (5.1) below.
Consider a bounded domain with smooth boundary D in Rn and a smooth
convex function u on D satisfying S(u) = A, with u < 0 in D and u→ 0 on ∂D.
We suppose that u is smooth up to the boundary of D. We consider Euclidean
metrics gij on R
n with determinant 1 and for each such metric let
Cg = max
D
gijuiuj .
Now let
C = min
g
Cg.
This defines an invariant C of the function u on D. Another way of expressing
the definition, is that ωnC
n is least volume of an ellipsoid containing the image
of D under the map ∇u : D → Rn, where ωn is the volume of the unit ball in
Rn.
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Theorem 6 In this situation
(det(uij))
1/n ≤
(
5
2
+
aM
2n
)
eC (−u)−1,
in D, where
a = max(0,−min
D
A) , M = max
D
(−u).
To prove this we let g be the metric with Cg = C and consider the function
f = −L− n log(−u)− αgijuiuj
on U , where α is a positive constant to be fixed later. Thus f tends to +∞ on
∂D and there is a point p in D where f attains its minimum. At the minumum
fi = 0 and u
ijfij ≥ 0. The first of these gives
Li = −nui
u
− 2αgpgupuqi. (37)
The second gives
0 ≤ −uijLij − n
2
u
+
n
u2
uijuiuj − 2α(uijgpqupiuqj + uijgpqupuqij), (38)
where we have used the fact that uijuij = n. The crucial step now is to observe
that
uijgpqupiuqj = g
pqupq,
the ordinary Euclidean Laplacian of u, in the metric g. We next use the form
Equation 13 of Abreu’s equation to see that
uijLij ≥ uijLiLj +A, (39)
where A = minD S(u). Now Equation 37 gives, at the point p,
uijLiLj = u
ij
(
n2
u2
uiuj + 4α
2gpggrsupuruqiusj + 4
αn
u
gpquiupuqj
)
,
which can be written in the simpler form
uijLiLj =
n2
u2
uijuiuj + 4α
2gpqgrsupruqus + 4
αn
u
gpqupuq.
Our inequalities 38, 39 give
0 ≤ − A− n
2
u2
(uijuiuj)− 4α2(gpqursupuq)− 4αn
u
gpqupuq − n
2
u
+
+
n
u2
(uijuiuj)− 2αgpqupg − 2αuijgpqupijuq. (40)
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Now recall that Lq = u
jkuqjk, so Equation 37 gives
gpquijupijuq = g
pqLpuq = −n
u
gpqupuq − 2αupqurusgprgqs
This means that three of the terms in (40) cancel. There are also two terms
involving the expression uijuiuj which we can combine to get
0 ≤ −A− n
2
u
+
(n− n2)
u2
(uijuiuj)− 2αn
u
gpqupuq − 2αgpqupq. (41)
Now use the fact that n− n2 ≤ 0 and
gpqupuq ≤ C,
by the definition of C. Re-arranging, we obtain
gpqupq
n
≤
( n
2α
+ C)
)(−1
u
)
− A
2αn
,
where A = minA. By the definition of a and M we have
gpqupq
n
≤
(−1
u
)(
n
2α
+ C +
aM
2α
)
.
Now, since gpq has determinant 1 we have (as in Equation 34)
eL = det(uij) ≤
(
gpqupq
n
)n
,
so, at the point p,
L ≤ −n log(−u) + n logP,
where P = n+aM2α + C. Going back to the definition of f we obtain
f(p) ≥ −αgpqupuq − n logP ≥ −αC − n logP.
So at any other point of D, we also havef ≥ −αC − n logP which gives
det(uij)
1/n ≤ κC(−u)−1,
with κ = exp(αCn + logP ). Optimising the choice of α one finds that the least
value of κ is
κmin = C
(√
m+
m2
4
+
m
2
+ 1
)
exp
(√
m+
m2
4
− m
2
)
,
where m = 12 +
aM
2n . Now κmin ≤ Ce(m+2) since
√
m+ m
2
4 ≤ m2 + 1, and this
gives the inequality stated in the Theorem (i.e. the statement is not quite the
optimal result: notice that if A ≥ 0, so a = 0, one gets κmin = 2Ce1/2.)
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5 Estimates for higher derivatives
5.1 The modulus of convexity and the proof of Theorem
1
Suppose we have upper and lower bounds on det(uij) in the interior of Ω for a
solution u of Abreu’s equation, for any smooth function A and in any dimension.
We can then obtain estimates on all derivatives, following the discussion of
Trudinger and Wang [12], [13], in terms of a “modulus of convexity” of u. This
uses the results of Caffarelli [3] and Caffarelli and Gutie´rrez [4] and the method
exploits the form Equation 14, Q(F ) = −A, of Abreu’s equation.
We introduce some notation which we will use more extensively in (5.4)
below. For a smooth strictly convex function u on any open set U ⊂ Rn and
a point x ∈ U we let λx be the affine linear function defining the supporting
hyperplane of u at x (i.e. u − λx vanishes to first order at x). Then we define
the function Hx on U by
Hx(y) = u(y)− λx(y).
(So Hx is the normalisation of u at x, in our previous terminology.) Thus
Hx(y) ≥ 0 with equality if and only if x = y. We can think of the function
Hx(y) of two variables x, y as a kind of “distance function” on U , although it
need not satisfy the axioms of a metric. For a subset S ⊂ U we put Hx(S) =
infy∈SHx(y).
Now return to the case where u is a convex function on Ω and K ⊂⊂ K+
are compact convex subsets of Ω with 0 < λ ≤ detuij ≤ Λ on K+. Let
H(K,K+) = min
x∈K
Hx(∂K
+).
Caffarelli and Gutie´rrez prove that there is an α ∈ (0, 1) such that for any
solution f of the linear equation Q(f) = −A and x, y in K
|f(y)− f(x)| ≤ CH(K,K+)−α|x− y|α
where C depends only on A, the supremum of |∇u| over K+ and the upper and
lower bounds Λ, λ of det(uij) over K. [The results of [4] are stated for the case
when A = 0 but, according to Trudinger and Wang ([13], discussion following
Lemma 2.4), the arguments go over to the inhomogeneous equation.] Thus in
our situation, taking f = F = det(uij)
−1, if we have a positive lower bound
on H(K,K+) we get a Holder estimate on F and hence on det(uij). Then the
results of Caffarelli in [3] give C2,α bounds on u over K, depending again on the
H(K,K+). This gives Cα control of the co-efficients of the linearised operatorQ
and we can apply the Schauder estimates ([7] Theorem 6.2) to get C2,α control
of F , and so on.
Further, if we have a lower bound on the “modulus of convexity” H(K,K+)
we can apply Theorem 6, using the interior bound Corollary 3 on the first
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derivatives of u, to obtain an upper bound on det(uij) over K. Given a point x
in K we set
u˜ = Hx − 1
2
H(K,K+)
and
D = {y : u˜(y) ≤ 0},
so D ⊂ K+ and we can apply Theorem 6 to u˜ to get an upper bound on det(uij)
at x. Combining this with the lower bound from (4.1) (and replacing K+ by
K) we can then feed into the the preceding argument. Thus the obstacle to
proving a result like Theorem 1 in general dimensions n is the need to control
the H(K,K+), for interior subsets K ⊂⊂ K+ ⊂ Ω. In dimension 2 we can
again argue in parallel with Trudinger and Wang in [13]. The result of (4.1)
gives a lower bound det(uij) ≥ λK+ > 0, over K+, for a solution satisfying our
boundary conditions. Then a result of Heinz [10], implies that in two dimensions,
H(K,K+) ≥ Cλ1/2K+ ,
where the constant C depends on K+, the distance from K to the boundary
of K+ and supK+ |∇u|. Putting all these facts from the literature together, we
arrive at a proof of our main Theorem 1.
As we explained in the Introduction, we will give below an alternative proof,
in the case when A is constant and Ω is a polytope, which avoids the sophisti-
cated analysis of the Caffarelli-Gutie´rrez theory but employs some of their basic
tools. The modulus of convexity will also enter in a crucial way in our argument.
We close this subsection with two further remarks
• In the case when A is a constant and Ω is a polygon in R2 we can combine
the lower bound Theorem 5 and the upper bound Theorem 4, to obtain
|∇u| ≥ Cd−α
near the boundary of Ω, for some C,α > 0. This gives easily a lower bound
on H(K,K+) for suitable K,K+ and means we can avoid appealing to
the result of Heinz in this case.
• In two dimensions the main result of Heinz in [10] gives a C1,β bound on
u, in terms of upper and lower bounds for det(uij). In the case when A
is a constant we can use Lemma 3, and the bound on the vector field v
(Theorem 2) to obtain a C,β bound on det(uij). This gives an alternative
path, avoiding appeal to [4], but feeding into [3], in this case.
The strategy for our alternative proof is as follows. In (5.2) we introduce
two tensors F,G depending on the 4th. order derivatives of the function u and
related to the Riemann curvature and Ricci tensors of a certain Riemannian
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metric. We show that our boundary conditions fix the natural L2 norms of
these tensors. Then we show in (5.2) that under suitable conditions the L∞
norm of G (or F ) controls the second derivatives of the function u, while in
(5.3) we show that under suitable hypotheses, including control of the second
derivatives of u, the L∞ norm of G is controlled by the L2 norm of F . Putting
together these three ingredients we complete the proof in (5.4), using a scaling
argument and some of the basic geometrical results of Caffarelli and Gutie´rrez
on the sections of a convex function.
5.2 Curvature identities and L2 bounds
For a convex function u on an open set U in Rn we define a 4-index tensor by
F abkl = −uabkl .
We can raise and lower indices in the usual way, using the metric uij , setting
F abcd = uckudlF abkl , Fijkl = uiaujbF
ab
kl .
Lemma 4 The tensor Fijkl is symmetric in pairs of indices
Fijkl = Fklij .
In fact, calculation gives,
Fijkl = uijkl − uλq(ukjquilλ + uikλujlq)
which makes the symmetry apparent.
We now introduce a Riemannian metric, due to Guillemin [8], on the 2n-
dimensional manifold U ×Rn, with co-ordinates ηi in the second factor;
g = uijdx
idxj + uijdηidηj . (42)
This is in fact a Kahler metric: complex co-ordinates and a Kahler potential
are furnished by the Legendre transfrom construction. If ξi = ui are the usual
transformed co-ordinates we set zi = ξi +
√−1 ηi so
dzi = uijdx
j +
√−1 dηi. (43)
Lemma 5 The curvature tensor of g is
−F ijkldzidzk ⊗ dzjdzl.
Of course we can use (43) to express the curvature tensor entirely in terms
of products of the dxi and dηj , avoiding the Legendre transform.
The proof of the Lemma is mainly a matter of notation. We use the stan-
dard fact that if the Kahler metric is expressed by a (Hermitian) matrix-valued
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function H , in complex co-ordinates, then the curvature, viewed as a matrix of
2-forms, is −∂(H(∂(H−1))). In our case the matrix H has entries
Hλµ = 〈 ∂
∂zλ
,
∂
∂zµ
〉 = uλµ.
so Γ = −H(∂H−1) is the matrix of 1-forms with (λµ) entry
−uλµ ∂uµν
∂ξα
dzα.
Now use the fact that ∂∂ξα = u
αi ∂
∂xi to write this as
Γλµ = −uλνuαiuµνidzα,
and this is just
Γλµ = u
λα
µ dzα.
So the curvature, as a matrix of 2-forms, has λ, µ entry
∂
∂ξβ
(
uλαµ
)
dzβdzα.
Expressing the derivatives in terms of the xi variables again, this just means
that the (1, 3) curvature tensor is
uβjuλαµj dzλ ⊗
∂
∂zµ
⊗ dzβdzα,
and lowering an index gives the stated formula for the (0, 4) curvature tensor.
Of course we can also obtain Lemma 3 via Lemma 4 and the usual symme-
tries of the curvature tensor, but we preferred to give the direct calculation. In
fact in what follows we will make little explicit use of the Riemannian metric g,
and derive most of the formulae we need directly.
Now define a 2-tensor G by contracting F :
Gik = F
ij
kj , (44)
and likewise Gik, Gik. If follows from Lemma 3 that the latter are symmetric
tensors, and contracting in Lemma 4 shows that G is essentially equivalent to
the Ricci tensor of the metric g. In terms of our vector field v,
Gik = v
i
k.
A further contraction yields the scalar invariant S = Gii of u which is of course
the term appearing in Abreu’s equation and which corresponds to the scalar
curvature of g.
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It is well-known in Kahler geometry that on a compact Kahler manifold the
L2-norms of the scalar curvature, the Ricci curvature and the full curvature
tensor give essentially equivalent functionals on the metrics in a given Kahler
class: they are related by topological invariants of the data [5]. In our setting we
do not necessarily have a compact Kahler manifold available so we will develop
the corresponding theory directly.
On account of the symmetry of Lemma 3, the standard square-norm of the
tensor F , using the metric uij is
|F |2 = F ijklF klij ,
and this is the same (up to a numerical factor) as the standard square-norm of
the curvature tensor of g. Similarly
|G|2 = GijGji ,
is essentially the square-norm of the Ricci tensor. We consider a 1-parameter
family of functions u(t) with
d
dt
u|t=0 = ǫ,
so ǫ is a function on U . We write Eij for the t-derivative of uij at t = 0, so
Eij = −uiaǫabubj .
Proposition 4 The time derivatives at t = 0 satisfy:
d
dt
(|F |2 − |G|2) = 2Zii
and
d
dt
(|G|2 − S2) = 2W ii
where
Zi = −Ejlk F ikjl + Eijk Gkj ,
and
W i = −Ejkj Gik + SEjij .
The proofs are straightforward calculations.
Now return to the setting of our convex domain Ω in Rn, where we suppose
we are in Case 1 with Ω a polytope. Any pair u0, u1 of functions in SΩ can
be joined by a smooth path ut (for example a linear path) in SΩ For δ > 0 let
Ωδ be an interior domain with boundary a distance δ from the boundary of Ω.
Then the time derivative of
1
2
∫
Ωδ
|F |2 − S2
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is the boundary integral ∫
∂Ωδ
Zi +W i. (45)
Lemma 6 The boundary integral (45) tends to 0 with δ, uniformly over the
parameter t ∈ [0, 1]
Given this we obtain
Corollary 5 In the case when Ω is a polytope there is an invariant χ(Ω, σ)
such that for any u ∈ SΩ,σ ∫
Ω
|F |2 − S2 = χ(Ω, σ).
It is easy to see that χ(Ω, σ) is a tame function of Ω, σ. Now if u ∈ SΩ,σ has
S(u) constant then the value of the constant is fixed by Equation ?? and we see
that ∫
Ω
|F |2 = χ(Ω, σ) + Vol(∂Ω, σ)
2
Vol(Ω)
,
is a tame function of Ω, σ.
To prove Lemma 5 we go back to Proposition 2. Note first that, in an adapted
co-ordinate system, the matrix uij is smooth up to the boundary so the same is
true for F ijkl and for the time derivative E
ij . (Actually, in Proposition 2 we chose
a special adapted co-ordinate sytem to diagonalise the Hessian of the function
in the variables xi for i > p but it is easy to see that the same conclusions
hold without this restriction.) Thus the vector field Z,W are smooth up to
the boundary and we simply need to show that the normal components vanish
on the boundary. Thus we can restrict to a neighbourhood of a point in an
(n − 1)-dimensional face of the boundary, i.e. with p = 1. Now, according to
Proposition 2, the entries u1j are all products of x1 with smooth functions so
u1jk = 0 for all j and k > 1. Thus
E1jk = 0 k > 1. (46)
The x1 derivative of u11 is fixed by the boundary measure so
E111 = 0. (47)
As for the second derivatives we have
F 1jkl = −u1jkl = 0 for k, l > 1 (48)
and
F 11j1 = −u11j1 = 0 (49)
since the boundary measure is constant. It is now completely straightforward
to check that (46),(47),(48),(49) imply that all the terms vanish in the sums
Z1 = −Ejlk F 1kjl + E1jk Gkj , W 1 = −Ejkj G1k + SEj1j .
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5.3 Estimates within a section
We begin by considering a convex function u on a bounded open set, with
smooth boundary, D ⊂ Rn. We assume that u is smooth up to the boundary,
that u < 0 in D and that u vanishes on ∂D. Suppose that, at each point of D,
we have
u ≥ −c0, |G| ≤ c1, |v|Euc ≤ c2, |∇u|Euc ≤ c3,
for some c0, c1, c2, c3 > 0. Here G denotes the tensor Gij introduced above and
|G| is the natural norm computed in the metric defined by u, that is
|G|2 = GijGji = GijGabuiaujb.
On the other hand the quantities |v|Euc, |∇u|Euc are the norms of the vector
field vi and the derivative ui computed with respect to the standard Euclidean
metric on Rn.
Proposition 5 There is a constant K, depending only on n, c0, c1, c2, c3 such
that (uij) ≤ K|u|−1 on D.
The proof is a straightforward variant of Pogorelov’s estimate for solutions of
the Monge-Ampe`re equation det(uij) = 1, see [9] Chapter 4. (It is also similar to
the proof in (4.2) above.) It obviously suffices to estimate the second derivative
u11 along the co-ordinate axis, and we set
f = log(u11) +
u21
2
.
Now consider the function log(−u) + f which tends to −∞ on the boundary so
has an interior maximum. At this maximum point we have
ui
u
+ fi = 0 (50)
and
P (− log(u) + f) ≤ 0
where P (φ) = (uijφi)j . Now
P log(u11) =
(
uiju11i
u11
)
j
which gives
P log(u11) =
uiju11ij
u11
+
uijj u11i
u11
− u
iju11iu11j
u211
. (51)
Now
uiju11ij =
(
uiju11i
)
j
− uijj u11i = −
(
uij1 ui1
)
j
− uijj u11i.
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Expanding out the derivatives we get
uiju11ij = −uij1jui1 + uiaujbu1abu1ij − uijj u11i. (52)
Here we recognise the expression −uij1jui1 as the co-efficient G11 of the tensor
G. (In fact the manipulation above is essentially the familiar identity, in Rie-
mannian geometry, for ∆|dφ|2 involving the Ricci tensor, where φ is a harmonic
function, but we have preferred to do the calculation directly.) Substituting
(52) into (51), two terms cancel and we get
P log(u11) =
G11
u11
+
1
u11
uiaujbu1abu1ij − 1
u211
uiju11iu11j . (53)
Now simple calculations give
P (
u21
2
) = u11, (54)
P (log(−u)) = n− v
iui
u
− u
ijuiuj
u2
. (55)
So we conclude that, at the maximum point,
n− viui
u
+ u11 +
G11
u11
+ (A) − (B)− (C) ≤ 0,
where (A), (B) and (C) are the positive quantities
(A) =
1
u11
uiaujbu1abu1ij , (56)
(B) =
1
u211
uiju11iuiij , (57)
(C) =
1
u2
uijuiuj. (58)
We now use the condition (50) on the first derivatives. We may suppose that
uij is diagonal at the given maximum point, with diagonal entries uii = λi say.
Then we have for i 6= 1
ui
u
= −u11i
u11
.
The term (C) is
(C) =
1
u2
∑
λ−1i u
2
i .
We write this as
(C) =
u21
u2u211
+ (C)′,
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where
(C)′ =
1
u2
∑
i>1
λ−1i u
2
i =
∑
i>1
1
λiλ21
u211i.
On the other hand, computing at this point, the other sums become
(A) =
∑
ij
1
λ1λiλj
u21ij , (59)
(B) =
∑
i
1
λiλ21
u211i. (60)
Once sees from this that
(A)− (B)− (C)′ ≥ 0
so we conclude that at the maximum point
n− uivi
u
+ u11 +
G11
u11
− u
2
1
u2u11
≤ 0. (61)
This should be compared with the more standard calculation, for solutions of
the Monge-Ampe`re equation det(uij) = 1, when v and G vanish, so two terms
(61) are absent.
Now, computing the norm in the diagonal basis,
|G|2 =
∑
λ2iG
2
ii ≥
(
C11
u11
)2
,
so
|G11
u11
| ≤ c1.
Clearly n− uivi ≤ n+ c2c3. Then (61) gives
N
u
+ u11 − u
2
1
u2u11
≤ 0,
where N = n+ c2c3+ c1c0. Thus we can adapt the argument from the standard
case, replacing n by N . If h is the function
h = exp(log(−u) + f) = |u|u11 exp(u
2
1
2
),
we see that at the maximum point for h
h2 −N exp(u
2
1
2
)h− u21 exp(u21) ≤ 0,
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which gives
hmax ≤ exp(u
2
1
2
)
1
2
(
N +
√
N2 + 4u21
)
.
This gives
u11 ≤ K|u| ,
where
K =
1
2
exp(
c23
2
)
(
N +
√
N2 + 4c23
)
.
5.4 Yang-Mills estimate
In this subsection we consider a solution of the equation S(u) = A with A
a constant. Roughly speaking, we show that when the dimension n is 2 and
given uniform bounds on the Hessian of u, the L2 norm of the tensor F (the
“Yang-Mills functional”) controls the L∞ norm.
Proposition 6 Suppose u is a convex function on the unit disc D in R2,
smooth up to the boundary, which satisfies the equation S(u) = A where A
is constant. Set
E =
∫
D
|F |2.
If the Hessian of u is bounded above and below
K−1 ≤ (uij) ≤ K
then
|G(0)|2 ≤ κ(E + E3)
and for any p > 1 ∫
1
2
D
|F |p ≤ κp(E + E3)p
where κ depends only on K and supD |v| and κp depends on K and p.
The proof makes use of the Sobolev inequalities. In dimension 2 we have
‖φ‖Lp ≤ Cp‖∇φ‖L2
for any p and compactly supported φ on D (here all norms are the standard
Euclidean ones). The proof can be modified to give a similar result in dimension
3 and extended to give information when n = 4 provided E is sufficiently small,
in the manner of Uhlenbeck[14] and, still more, Anderson [2] and Tian and
Viaclovsky[11]. In the proof we make more use of the Riemannian metric g on
D ×R2 defined by the convex function u.
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The idea of the proof is to exploit the fact that the tensors F and G satisfy
quasi-linear elliptic equations. To derive these we use the interpretation of
these tensors as (essentially) the Riemannian curvature and Ricci tensor of the
metric g see also [11]. (Of course there is no particular difficulty in deriving
these equations directly, without explicit reference to Riemannian and Kahler
geometry, but the derivation involves manipulating sixth order derivatives of
the function u.)
Lemma 7 Suppose that g is a Kahler metric of constant scalar curvature. Then
the Riemann tensor Riem and Ricci tensor Ric of g satisfy
∇∗∇Ric = Riem ∗ Ric,
∇∗∇Riem = Riem ∗ Riem + 2∇′∇′′Ric,
where ∗ denotes appropriate natural algebraic bilinear forms and ∇′,∇′′ are the
(1, 0) and (0, 1) components of the covariant derivative.
To derive these identities we can consider more generally the curvature tensor
Φ of a holomorphic vector bundle E over a Kahler manifold M . Then we have
∂-operators
∂ : Ωp,q(EndE)→ Ωp,q+1(EndE).
The Laplacians ∇∗∇ and ∆∂ = 2(∂
∗
∂ + ∂∂
∗
) differ by a Weitzenbock formula
involving the curvature of the bundle and base manifold. Since ∂Φ = 0 we have
∆∂Φ = 2∂∂
∗
Φ.
Now the Kahler identities give
∂
∗
Φ == i∇′(ΛΦ),
where Λ : Ω1,1(EndE)→ Ω0(EndE) is the trace on the form component. Thus
∇∗∇Φ is equal to 2i∂∇(ΛΦ) = 2i∇′′∇′(ΛΦ) plus a bilinear algebraic term
involving Φ and the curvature of the base manifold.
We apply this first to the bundle E = ΛnTM , the anticanonical line bundle.
In this case Φ is essentially the Ricci tensor and ΛΦ is the scalar curvature.
So the constant scalar curvature condition gives ∆∂Φ = 0 and the first formula
follows from the discussion above. The second formula does not use the constant
scalar curvature condition. It follows from the discussion above taking E = TM ,
when Φ is the Riemann curvature tensor and ΛΦ is the Ricci tensor.
In our situation we deduce that F,G satisfy equations which we write, rather
schematically as
∇∗∇G = F ∗G (62)
∇∗∇F = F ∗ F + 2∇′∇′′G (63)
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The strategy now is to take the L2 inner product of these identities with
suitable compactly-supported tensor fields. It is convenient here to regard g as a
metric on the 4-manifold D×T 2 where T 2 is the torus R2/Z2. However all our
data will depend only on the D variables and the torus factor plays an entirely
passive role: the push-forward of the volume form on the 4-manifold to D is
the standard Lebesgue meausure and the Laplacian of g, applied to T -invariant
functions is the operator P . Notice the crucial fact that for fixed K the metric
g is uniformly equivalent to the standard Euclidean metric.
To prove the first part of Proposition 6 we fix a standard cut-off function β
on the disc, equal to 1 in a neighbourhood of 0, and take the L2 inner product
with β2G on either side of (62). This yields∫
D×T 2
∇(β2G).∇G ≤ C
∫
D
β2|G|2|F |.
(In this proof C will denote an unspecified constant, changing from line to line.)
We have
∇(β2G).∇G = |∇(βG)|2 − |G|2|∇β|2
so we get ∫
D×T 2
|∇(βG)|2 ≤ C
∫
D
|G|2
√
∇β|2 + β2|G|2|F |. (64)
Applying the Sobolev inequality to |βG| and Cauchy-Schwartz we obtain
‖βG‖2L6 ≤ C
(‖G‖2L2 + ‖βG‖2L4‖f‖L2) .
(Here we are using the fact that, for fixedK, the metric g is uniformly equivalent
to the Euclidean metric, so we can transfer the standard Sobolev inequalities to
our setting.) Using
‖βG‖4L4 ≤ ‖βG‖L2‖βG‖3L6 ,
we get
‖βG‖2L6 ≤ C
(
‖G‖2L2 + ‖βG‖3/2L6 ‖F‖L2‖βG‖
1/2
L2
)
≤ C
(
E2 + E3/2‖βG‖3/2L6
)
.
This yields
‖βG‖L6 ≤ C(E + E3).
Thus we have an L6 bound on G in a neighbourhood of 0 and this gives an L3/2
bound on F ∗G over this neighbourhood. Going back to (64), we also have an
L2 bound on the derivative of βG:
‖∇(βG)‖L2 ≤ C(E + E3).
We introduce another cut-off function γ, supported on the neighbourhood where
β = 1. Then we have
∆(γ|G|) ≥ |∇∗∇(γG)| ≥ |∆γ||G|+ |∇γ||∇G|+ Cγ|F ||G|.
36
Now
∆γ = uijγij + v
iγi.
So |∆γ| satisfies a bound, depending on sup |v| and we have
∆(γ|G|) ≥ σ,
say where
‖σ‖L3/2 ≤ C(E + E3).
Then we can apply Theorem 8.15 of [7] (proved by the Moser iteration technique)
to obtain the desired bound on |G| at 0.
For the second part of Proposition 6 we operate with the equation (62).
We take the L2 inner product with γ2F and integrate by parts. For the term
involving the second derivatives of G we write∫
D×T 2
γ2F.∇′′∇′G =
∫
D×T 2
(∇′′)∗(γ2F ).∇′G.
This yields∫
D×T 2
|∇(γF )|2 ≤ C
∫
D×T 2
γ2|F |3+ |F |2|∇γ|2+γ|∇(γF )||∇G+γ|∇γ||F ||∇G|.
Then, using the Sobolev inequlality as before and re-arranging we get an L2
bound on the derivative of γF near 0 which, in dimension 2, gives the required
Lp bound (since we can suppose that γ = 1 on the disc 12D).
5.5 Rescaling sections
In this subsection we will bring together the three ingredients established above
to obtain a pointwise bound on the tensor G over compact subsets of Ω. This
involves rescaling the geometric data. A rescaling argument of this kind, using
balls determined by the Riemannian distance function, would be fairly standard.
However there are difficulties in carrying this through unless one can establish
some control of the injectivity radius, or something similar. We get around
this difficulty by using Caffarelli’s theory of the “sections” of a convex function,
these taking the place of geodesic balls.
Recall from (5.1) that if u is a smooth, strictly convex function on an open
set U ⊂ Rn and x, y is a point in U we have defined Hx(y) ≥ 0, vanishing if
and only if x = y. For t ≥ 0 the section Sx(t) at x and level t is the set
Sx(t) = {y ∈ U : Hx(y) ≤ t}.
We will use three results about these sections, or equivalently the functions Hx,
taken from [9]. For each of these results we suppose that the determinant of the
Hessian satisfies upper and lower bounds
0 < λ ≤ det(uij) ≤ Λ,
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throughout U , and the constants ci below depend only on λ,Λ. Recall that a
convex set K in Rn is normalised if
αnBn ⊂ K ⊂ Bn (65)
where αn = n
−3/2. Any compact convex set can be mapped to a normalised set
by an affine-linear transformation ([9], Theorem 1.8.2).
Proposition 7 1. ([9] page 50, Corollary 3.2.4) Suppose that Sx(t) is com-
pact. Then
c1t
n/2 ≤ Vol (Sx(t)) ≤ c2tn/2. (66)
2. ([9] page 55, Corollary 3.3.6 (i)) Suppose that Sx(t) is compact and nor-
malised. Then for y ∈ Sx(t/2)
d(y, ∂Sx(t)) ≥ c3 > 0. (67)
3. ([9] page 55, Theorem 3.3.7) Suppose that Sx(2t) is compact. Then if
Hx(y) ≤ t and Hx(z) ≤ t we have Hy(z) ≤ c4t.
4. ([9] page 57, Theorem 3.3.8) Suppose that Sx(t) is compact and normalised.
Then Sx(t/2) contains the Euclidean ball of radius c5 centred on x.
The third result can be seen as a substitute for the triangle inequality, if one
views Hx(y) as a defining a notion of “distance” in U . (The assumption that
Sx(2t) be compact does not appear explicitly in [9], where it is assumed that
U = Rn and all sections are compact, but a review of the proof shows that this
is the hypothesis needed for our situation.)
We will now discuss the scaling behaviour of the tensors we have associated
to a convex function u. For t > 0 and T = T aj ∈ SL(n,R) we set
u˜(x) = t−1u(
√
tx) , u∗(x) = u˜(Tx) = t−1u(
√
tT aj x
j)
We write S = Sja for the inverse matrix of T = T
a
j . Then we have
det(uij) = det(u˜ij) = det(u
∗
ij); (68)
|F ∗| = |F˜ | = t|F | (69)
|G∗| = |G˜| = t|G| (70)
(v∗)
j
= Sjav˜
a =
√
tSjav
a. (71)
Here we have an obvious notation, in which for example v˜ and v∗ refer to the
vector fields obtained from the convex functions u˜, u∗. The verification of all
these identities is completely elementary.
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With these prelminaries in place we can proceed to our main argument.
From now on we fix n = 2 and suppose that u is a convex function on Ω ⊂ R2
which satisfies Abreu’s equation S(u) = A with constant A. We set
E =
∫
Ω
|F |2
ρ = sup
Ω
|v|Euc.
Let K ⊂⊂ K+ be compact subsets of Ω and suppose that
0 < λ ≤ det(uij) ≤ Λ,
on K+. For x in K we recall that
Hx(∂K
+) = min
y∈∂K+
Hx(y),
and we let
δ = H(K,K+) = min
x∈K
Hx(∂K
+).
We also put
D = max
x∈K
Hx(∂K).
Finally, we define a function Φ on K by
Φ(x) = |G(x)|Hx(∂K),
and let
M = max
x∈K
Φ(x).
Theorem 7 There is a constant µ depending only on λ,Λ, E, ρ, δ,D such that
M ≤ µ.
To prove this we may obviously suppose that M > 2. We consider a point
x0 where Φ attains its maximum value M and set t = |G(x0)|−1. Then M > 2
implies that 2t < Hx0(∂K) so the section Σ = Sx0(t) lies in K. Hence Σ is
compact in Ω. Our first goal is to show that |G| over Σ is controlled by t−1, i.e.
by its value at x0
Now we may suppose that
M ≥ max(2c24, 4c4Dδ−1),
where c4 > 1 is the constant of (3) in Proposition 7, depending on the given
bounds λ,Λ. This means that if we define ǫ to be
ǫ = min(1/2,
c4δ
2D
)
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we have M ≥ c24/ǫ.
We will now make two applications of the inequality in (3) of Proposition 7.
For the first we simply observe that in fact Sx0(2t) lies in K and a fortiori in
K+. Hence this section is compact. Then for y ∈ Sx0(t) we have Hx0(y) ≤ t
and trivially Hx0(x0) = 0 ≤ t, so we deduce that Hy(x0) ≤ c4t.
Now set r = Hx0(∂K) so t = r/M . We claim that if y is in Sx0(t) we have
Hy(∂K) ≥ rǫ
c4
. (72)
To see this, the result above yields
Hy(x0) ≤ c4t = c4r/M,
and c4r/M ≤ rǫ/c4 since we have arranged that M ≥ c24/ǫ. Set τ = rǫ/c4. For
y ∈ Sx0(t) ⊂ K we have
Hy(∂K
+) ≥ δ ≥ 2ǫD
c4
≥ 2ǫr
c4
= 2τ. (73)
Suppose that (72) is not true, so there is a point z ∈ ∂K with Hy(z) ≤ τ . Then,
by (73), Sy(2τ) lies in K
+ and Hy(x0) ≤ τ so (3) in Proposition 7 would give
Hx0(z) ≤ c4τ = rǫ ≤ r/2,
a contradiction to Hx0(∂K) = r.
Now from Hy(∂K) ≤ rǫ/c4 and the definition of M we obtain our first goal:
|G(y)| ≤ c4
α
|G(x0)| (74)
for all y ∈ Σ = Sx0(t).
We now invoke our scaling construction for the restriction of u to Σ. We fix
the real parameter t to be as above. We know that there is some k > 0 and an
unimodular affine transformation T so that kt−1/2T−1(Σ) is normalised. But
we know from (1) of Proposition 7 that the volume of Σ lies between c1t and
c2t, so the volume of kt
−1/2T−1(Σ) lies between k2c1 and k
2c2 hence
π
8c2
≤ k2 ≤ π
c1
. (75)
Thus the convex set Σ∗ = t−1/2T−1(Σ) differs from its normalisation by a scale
factor which is bounded above and below, so we can apply the results of (2) and
(4) in Proposition 7, with a change in the constants depending on the above
bounds for k (alternatively, we could normalise Σ∗ by changing the definition
of t).
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Lemma 8 There is a constant C depending only on λ,Λ such that
|v∗|Euc ≤ C|v|EucDiam(Σ).
To see this we may suppose that T is diagonal, with T 11 = λ, T
2
2 = λ
−1, T 21 =
T 12 = 0. Then, by (71), v
∗ has components
(v∗)
1
=
√
tλ−1v1 , (v∗)
2
=
√
tλv2.
But Σ∗ contains the disc of radius of radius R = k−12−3/2 so Σ =
√
tT (Σ∗)
contains an ellipse with semi-axes
√
tλR,
√
tRλ−1. In particular this ellipse is
contained in Ω so √
tλ,
√
tλ−1 ≤ Diam(Ω)
2R
.
Thus
|v∗|Euc ≤ Diam(Ω)
2R
|v|Euc. (76)
The scaling behaviour (70) of the tensor G and the result (72) established
above means that |G∗| ≤ c4/α over Σ∗. We now apply Proposition 5 to an
interior set Σ∗0 ⊂ Σ∗. There is no loss of generality in supposing that x0 = 0
and that u vanishes to first order at this point, so Σ∗ = {y : u∗(y) ≤ 1}. We
define
Σ∗0 = {y : u∗(y) ≤ 3/4},
and we set u∗0 = u
∗−3/4. The lower bound on the distance to ∂Σ∗ furnished by
(2) of Corollary 7 gives, in an elementary way, a bound on the derivative of u∗0
over Σ∗0 and we can apply Proposition 5 to u
∗
0, taking D = Σ
∗
0. Since we have
bounds on |G∗| and |v∗|Euc (the latter by Lemma 8), we get an upper bound on
the Hessian of u∗0 over the further interior set
Σ∗−1 = {y : u∗(y) ≤ 1/2}.
The bound on det(u∗ij) then yields a lower bound on the Hessian over Σ
∗
−1.
We then use (4) of Proposition 7 to see that Σ∗−1 contains a disc ∆ about 0 of
fixed radius, and we can apply Proposition 6 to conclude that
|G∗(0)|2 ≤ C(E + E3),
where
E =
∫
∆
|F ∗|2 ≤ C
∫
Σ∗
|F ∗|2.
(Here we use again the bound on |v∗|Euc.) Now the scaling behaviour of F
implies that ∫
Σ∗
|F ∗|2 = t
∫
Σ
|F |2 ≤ tE.
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So we conclude that
|G∗(0)| ≤ C(
√
tE + t3E3,
for some constantC depending only on λ,Λ, δ,D, ρ. But by construction |G∗(0)| =
1, so we obtain a lower bound on t, thus an upper bound on |G(x0)| and thence
on M . This completes the proof of Theorem 7.
Given Theorem 7 it is straightforward to complete the proof of Theorem 1
in the case when A is a constant and Ω ⊂ R2 is a polygon. By the discussion
of uniform convexity in (5.1) above we can, for any compact set K0 ⊂ Ω, find
further compact sets
K0 ⊂⊂ K ⊂⊂ K+
in Ω such that δ = H(K,K+) and δ0 = H(K0,K) are bounded below by positive
bounds depending continuously on the data. Then Theorem 7 implies that the
tensor G is bounded on K. Covering K by a finite number of sections and
applying the same argument as above we get upper and lower bounds on the
Hessian (uij) over a neighbourhood of K. Further, we can apply the second
part of Proposition 6 to get bounds on the Lp norm of the tensor F for any
p. Since uij is bounded above and below these are equivalent to L
p bounds
on the second derivatives of the matrix (uij). In dimension 2, Lp2 functions are
continuous, so we deduce Lp2 bounds on the inverse matrix (uij). Thus we have
uniform Lp4—hence C
3,α—bounds on u over a neighbourhood of K. From this
point elementary methods suffice to bound all higher derivatives.
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